In this paper we mainly consider the class LN of all locally nilpotent groups. Using similar arguments as in [GrS] we first show that there is no universal group in LN λ if λ is a cardinal such that λ = λ ℵ0 ; here we call a group G universal (in LN λ ) if any group H ∈ LN λ can be embedded into G where LN λ denotes the class of all locally nilpotent groups of cardinality at most λ. However, our main interest is the construction of torsion-free epi-universal groups in LN λ , where G ∈ LN λ is said to be epi-universal if any group H ∈ LN λ is an epimorphic image of G. Thus we give an affirmative answer to a question by Plotkin (see [KN, 3.47]). To prove the torsion-freeness of the constructed locally nilpotent group we adjust the well-known commutator collecting process due to P. Hall to our situation. Finally, we briefly discuss how to use the same methods as for the class LN for other canonical classes of groups to construct epi-universal objects.
Introduction
Many categories K in algebra or geometry share the property that, given a cardinal λ, one can find a universal object G ∈ K, that is, any object in K of cardinality ≤ λ embeds into G.
In this paper we shall restrict our attention to classes of groups. If the class of groups is sufficiently homogeneous and if there are many embeddings, then universal objects do exist. For example, in the case of abelian groups the universal objects are obviously certain divisible groups. However, if we restrict the number of embeddings, replacing monomorphisms by pure injections, then it can be shown that universal * GbSh 742 in Shelah's list of publications * * supported by Deutsche Forschungsgemeinschaft objects often do not appear; see the recent works by Kojman, Shelah [KS] and Shelah [S] .
On the other hand, if the class of groups is less homogeneous, then it seems hopeless to search for universal objects. A good example is the class of locally finite groups, as shown by Grossberg, Shelah [GrS] . Modifying the proof in [GrS] we note that the class of locally nilpotent groups has no universal objects (see Theorem 1.3).
It is thus natural to consider the dual notion. This is to say that an object G of a given class K of groups with |G| = λ is epi-universal in the subclass K λ of K consisting of all those elements of cardinality at most λ, if any group in K λ is an epimorphic image of G. Clearly, all group varieties V have epi-universal objects, namely their V-free groups. However, the class LN of all locally nilpotent groups does not form a variety. Recall, that a group G is said to be locally nilpotent, if any finitely generated subgroup H ⊆ G is nilpotent, i.e. the lower central series
It is the aim of this paper to construct particular "pseudo-free" locally nilpotent groups, which can be shown to be torsion-free by modification of Hall's commutator collecting process. Moreover, any locally nilpotent group is the epimorphic image of a suitable pseudo-free locally nilpotent group, which answers a problem by Plotkin (see [KN, Problem 3.47] ).
For certain cardinals λ, namely cardinals satisfying λ = λ <λ , we show that there is a pseudo-free locally nilpotent group of cardinality λ which is also epi-universal in the class LN λ of all locally nilpotent groups of cardinality ≤ λ. Note that, assuming GCH, all regular cardinals satisfy the above condition.
Finally, an analysis of the proofs shows that the existence of epi-universal objects follows similarly for the class LV consisting of all V-locally groups for any union V of ascending chains {V n | n < ω} of group varieties V n , where we call a group G Vlocally if all its finitely generated subgroups are elements of V (cf. [R] at most n. Also, the class of all torsion groups can obviously be described in this way and thus the existence of epi-universal torsion groups follows. Note, however, that there are no universal torsion groups for λ = λ ℵ 0 (see Proposition 1.4).
We use standard notations from group theory with the exception that our maps act on the right. §1 Non-existence of universal locally nilpotent groups
In this section we show that, for certain cardinals λ, there is no universal member in the class LN λ of all locally nilpotent groups of cardinality at most λ.
The existence of universal objects in any class is strongly related to the amalgamation property (see [BS, Ch. 11, §3] ). Thus, in order to show that there is no universal element, we prove the failure of the amalgamation property by giving an explicit example. Recall, a class K satisfies the amalgamation property if, for any
We begin with constructing suitable groups.
Construction 1.1 Let A be the elementary abelian 2-group generated by the independent set {x n | n < ω}. We define mappings g 0 , g 1 on A by
x n x n+1 ; for n even x n ; for n odd and x n g 1 =    x n ; for n even
x n x n+1 ; for n odd.
Clearly, the mappings extend to automorphisms g 0 , g 1 of A with g 2 0 = g 2 1 = 1. We now define subgroups B 0 , B 1 of the holomorph of A as follows (see [R, p.37] for the definition of holomorphs):
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Let A * denote the right regular permutations of A and put B 0 = A * , g 0 and B 1 = A * , g 1 . Obviously, the following relations are satisfied:
x * n x * n+1 ; for n even x * n ; for n odd (1) and
where (x * n ) g i = g i x * n g i denotes the conjugate. Note, g 0 and g 1 are now inner automorphisms of B 0 and B 1 , respectively. For simplification we identify A * with A and write B 0 = A, y 0 , B 1 = A, y 1 where y 0 , y 1 are elements of order 2 satisfying the corresponding relations (1) and (2).
We now show that these groups are, indeed, suitable for proving the failure of the amalgamation property. Proof. First we show that B 0 is a locally finite 2-group. Let U be any finitely generated subgroup of B 0 . Then we can choose an odd integer k such that U ⊆ y 0 , x 0 , x 1 , . . . , x k =: V . Let v ∈ V . Then either v ∈ A k = x n | n ≤ k or v = y 0 w for some w ∈ A k where the latter follows from x y 0 n ∈ A k for all n ≤ k. Clearly, the order of v is 2 l for some l and thus V is a finite 2-group. Therefore B 0 , and similarly B 1 , is a locally finite 2-group.
It remains to show that for any locally nilpotent group G there are no embeddings
that there are such embeddings and let H be the subgroup of G generated by the H] . . . and so on, i.e.
x n h 0 ∈ H n for all n < ω. Therefore H n = 1 since x n h 0 = 1 by the injectivity of h 0 and so H is not nilpotent contradicting the local nilpotency of G.
We are now ready to prove the main result of this section:
Then there is no universal group in LN λ .
Proof. Let G be an arbitrary locally nilpotent group of cardinality λ. We shall construct a group H ∈ LN λ which cannot be embedded into G.
Let T be the tree given by T = ω> λ = {τ : n → λ | n < ω}. Moreover, let G 0 be the elementary abelian 2-group defined by
{v n | n < ω} ⊆ T . Note, the group K v is isomorphic to the group A as in the Construction 1.1. We first show:
There exists a family {h v :
of embeddings such that, for any embedding
We enumerate the set of all embeddings
For any α < λ we define
where τˆ α ∈ T denotes the mapping τ : k + 1 → λ with τ ⊆ τ and kτ = α.
Next we show that the h v 's really satisfy (+). To do so let h : G 0 → G be any embedding. We obtain v = {v n = v n | n < ω} as follows: For n = 0 we have no choice; v 0 = ∅ (empty mapping). Suppose we have found v k for some k < ω with h v k ⊆ h. By the definition of the h τ 's there exists an ordinal α < λ such that
We now want to apply Proposition 1.2 to the countable subgroups K v (v ∈ ω λ) of G 0 . For any v ∈ ω λ and ε = 0, 1 we define elements y v ε as in Construction 1.1 by (y v ε ) 2 = 1 and by the conjugates
for k even, ε = 0 and for k odd, ε = 1; otherwise we put
Next we show that H is a locally finite 2-group and hence H ∈ LN λ .
A finitely generated subgroup U of H looks like that v n ∈ E for all n ≤ k and all v ∈ F . Moreover, we may assume that, for
finite abelian and thus it is enough to show that U F is also finite in order to prove the finiteness of U .
We now recall that the elements y v originally came from automorphisms
can be viewed as a subgroup of Aut(C) and C is finite. Therefore W * and thus U is finite and obviously a 2-group, i.e. H is a locally finite 2-group.
Finally, suppose that there is an embedding h : H → G. By property (+) there
εv is an embedding, contradicting the choice of ε v . Therefore H cannot be embedded into G and so the conclusion of the theorem follows.
We finish this section with proving the following proposition using similar arguments as above.
Proposition 1.4 Let λ be a cardinal satisfying λ = λ ℵ 0 . Then there exists no universal torsion group of cardinality λ, not even universal for locally finite groups.
Proof. It is clear that all we need to show is the failure of the amalgamation property; the non-existence then follows as in the proof of Theorem 1.4.
To do so we again consider the locally finite 2-groups A, B 0 , B 1 as given by Construction 1.1 (see also Proposition 1.2).
Suppose there are a group G and embeddings h 0 :
We show that G contains a torsion-free element, i.e. G cannot be torsion. For any n < ω let z n = x n h 0 = x n h 1 and v 0 = y 0 h 0 , v 1 = y 1 h 1 . Moreover, we put p 2n = (v 1 v 0 ) n , p 2n = (v 0 v 1 ) n and p 2n+1 = v 0 p 2n = p 2n v 0 = p 2n+1 . We inductively prove that, for any k ≥ 1, the following holds:
and
Now, let us consider ( * ). For k = 1 we have p 1 z 0 p 1 = v 0 z 0 v 0 = z 0 z 1 by (1), i.e. ( * ) is true for k = 1. Now suppose that ( * ) holds for k ≥ 1 and consider k + 1. Obviously, we have to distinguish between k even or odd.
Let us first assume that k is even, say k = 2n. Then, by the induction hypothesis and by (1), we have:
for some ε i ∈ {0, 1} (i = 0, . . . k − 1). Now suppose that k is odd, say k = 2n − 1. Then, again by the induction hypothesis and by (2), we have:
for some ε i ∈ {0, 1} (i = 0, . . . k − 1). Therefore property ( * ) is proven.
Finally it follows that the element v 0 v 1 ∈ G is torsion-free since otherwise
for some n ≥ 1 and so
2n−1 h 0 x 2n h 0 contradicting the injectivity of h 0 together with the unique representations of elements of A as product of the x i 's.
We would like to mention that the methods used in this section follow the pattern of [GrS] . In particular, the result that there is no universal locally finite group of cardinality λ = λ ℵ 0 follows from Proposition 1.4 (see [GrS, Theorem 12] ). §2 Existence of epi-universal locally nilpotent groups Here we show that, for certain cardinals λ, there exist epi-universal groups in LN λ .
In fact, we shall construct an epi-universal group which is also torsion-free. As mentioned before we thus obtain an affirmative answer to a problem by Plotkin (see [KN, 3.47] ).
First we define locally nilpotent groups which are freely generated except the necessary relations. We define the pseudo-free locally nilpotent group Fr(M, c) by
Recall, for any group G, G n is inductively defined by
and G n is generated by {[g 0 , . . . , g n ] | g i ∈ G} where the commutator brackets accumulate on the left.
It is immediate from the definition that Fr(M, c) is, indeed, locally nilpotent.
We order the pairs (M, c) by (M 1 , c 1 ) ≤ (M 2 , c 2 ) if M 1 ⊆ M 2 and c 2 extends c 1 . For such ordered pairs we first show:
Lemma 2.2 Let (M 1 , c 1 ) ≤ (M 2 , c 2 ) be as above. Then
We define h : F 2 → F 1 to be the canonical projection, i.e. 
Therefore we have shown that K 1 = K 2 h and thus h induces an epimorphism
Thus the assertion follows with D = Ker h.
Next we show that the pseudo-free locally nilpotent groups are torsion-free. For this we need the commutator collecting process due to P. Hall (see [H, Ch. 10] ). For the convenience of the reader we here recall the definition of basic commutators and the main result concerning them. However, we shall not go into the details of the "collecting process".
Definition 2.3 Let F be the free group generated by x 0 , x 1 , . . . , x r (r < ω).
We define the basic commutators (for F ) of weight n ≥ 1 as follows:
(1) The x i 's (i = 0, 1, . . . , r) are the basic commutators of weight 1;
(2) Having defined the basic commutators of weight less than n, the basic commutators of weight n are the elements of the form [y 1 , y 2 ] where (a) y 1 , y 2 are basic commutators of weights n 1 , n 2 , respectively, with n 1 +n 2 = n, and (b) y 1 > y 2 , and if y 1 = [z 1 , z 2 ] with z 1 , z 2 basic commutators, then y 2 ≥ z 2 where the commutators are ordered according to their weight, but arbitrarily well ordered among those of the same weight.
The use of the word "basic" in the above definition is due to the following result.
For a proof we refer to [H, Theorem 11.2.4] .
Lemma 2.4 Let F be a finitely generated free group and let b 0 < b 1 < . . . < b t be the basic commutators of weight ≤ n + 1.
Then, any element f of F has a unique representation
. . e t ∈ Z). Moreover, the basic commutators of weight n + 1 form a basis for the free abelian group F n /F n+1 .
We are now ready to prove the torsion-freeness of the pseudo-free locally nilpotent groups. where P(M ) denotes the power set of M . Then K is the normal subgroup generated by the set {F Uc U | U ⊆ M }, in particular we have that F Mc ⊆ K. First we show that, for any n < ω, the group
of the free abelian group F n /F n+1 .
(+)
To do so we define basic commutators for K as follows (compare Definition 2.3):
(1) x m is a basic commutator for K of weight 1 if {m}c = 0.
(2) Having defined the basic commutators for K of weight less than n (≥ 1), the basic commutators for K of weight n are the basic commutators for F U of weight n for all U ⊆ M with Uc < n and the elements of the form [y 1 , y 2 ] such that (a) y 1 , y 2 are basic commutators for K of weights n 1 , n 2 with n 1 + n 2 = n, and (b) y 1 > y 2 , and if y 1 = [z 1 , z 2 ] with z 1 , z 2 basic commutators for K, then
It follows immediately from this definition that the basic commutators for K form a subset of the basic commutators (for F); we may assume that the ordering of the basic commutators for the F U 's, for K and for F = F M is the same.
We show that the basic commutators for K of weight n + 1 form a basis for the free abelian group K n ; the assertion (+) then follows.
Clearly, the basic commutators for K of weight n + 1 are linearly independent elements of K n . It remains to show that they generate K n .
For any k ∈ F n and any f
It follows from Lemma 2.4 that any element of F Uc U can be uniquely expressed as a product of powers of basic commutators for F U of weights Uc + 1, . . . , n + 1 modulo F n+1 U ⊆ F n+1 . By definition these basic commutators are also basic commutators for K. Therefore, any element f of F Uc U | U ⊆ M, Uc ≤ n can be expressed as a product of powers of basic commutators for K of weights ≤ n + 1 modulo F n+1 . To obtain the correct ordering, and thus a unique representation, we replace a product cd with c > d by dc [c, d] where [c, d] is also a basic commutator for K. On the other hand, if f ∈ F n then f can be uniquely expressed as a product of powers of basic commutators for F of weight n + 1 modulo F n+1 . Hence, for an element f of F Uc U | U ⊆ M, Uc ≤ n ∩ F n we conclude, comparing both possible representations, that f is a product of powers of basic commutators for K of weight n + 1, i.e. K n is generated by these commutators and so (+) follows.
Finally we show, by induction on n, that F/(KF n ) is torsion-free for any n < ω. It then follows that Fr(M, c) = F/K is torsion-free since KF n = K for n ≥ Mc. For n = 0 we have F/(KF 0 ) = F/F = 1 which is trivially torsion-free.
Suppose F/(KF n ) is torsion-free and consider the canonical epimorphism π : F/(KF n+1 ) → F/(KF n ). Then the torsion-freeness of F/(KF n+1 ) follows from the torsion-freeness of Ker π. Now,
where the latter is isomorphic to (F n /F n+1 ) /(((K ∩ F n )F n+1 )/F n+1 ) = (F n /F n+1 ) /K n which is torsion-free, in fact, free abelian by (+). Therefore F/(KF n ) is torsion-free for any n and hence so is Fr(M, c) = F/K as required.
Next we show that the pseudo-free LN -groups have some property in common with V-free groups in a variety V.
Proposition 2.6 Any locally nilpotent group is an epimorphic image of a pseudofree locally nilpotent group.
Proof. Let G ∈ LN and let {y i | i ∈ I} be a set of generators for G. Moreover, let Uc be the nilpotency class of G U = y i | i ∈ U for any finite U ⊆ I. Then
We show that G is an epimorphic image of the pseudo-free locally nilpotent group Fr(I, c) = F/K (see Definition 2.1). First we define π : F = F I → G by x i π = y i (i ∈ I). Clearly, π is surjective. Moreover, a typical generator of K is of the form k f for f ∈ F and k = [k 0 , . . . , k n ] with k i ∈ F U = x i | i ∈ U for some finite U ⊆ I with Uc = n. Hence kπ = [k 0 π, . . . , k n π] where k i π ∈ F U π = G U and thus kπ = 1 = (kπ) (f π) = (k f )π since Uc is the nilpotency class of G U . Therefore Kπ = 1 and so π induces an epimorphism π : Fr(I, c G ) = F/K → G which completes the proof.
As an immediate consequence from the Propositions 2.5 and 2.6 we obtain an affirmative answer to Plotkin's question:
Corollary 2.7 Any locally nilpotent group is an epimorphic image of a torsionfree locally nilpotent group.
We are finally ready to prove the main result of this section: It is easy to check that the class K satisfies the assumptions of Jónsson's Theorem (see [BS, p.213] ). Hence there exists an universal element (M u , c u ) ∈ K λ where K λ is the subclass of K consisting of those elements (M, c) with |M | ≤ λ.
We define G u to be the pseudo-free locally nilpotent group G u = Fr(M u , c u ) (see Definition 2.1). Then G u is clearly an element of LN λ . We show that G u is epiuniversal in LN λ . To do so let G ∈ LN λ be arbitrary. By Proposition 2.6 there are a pseudo-free locally nilpotent group G = Fr(I, c G ) and an epimorphism π : Finally, there is an epimorphism π : G u → Fr(M, c) by Lemma 2.2 and thus the composition π ϕπ is an epimorphism from G u onto G, i.e. G u is epi-universal as required. §3 An observation
In this final section we slightly generalize the methods from §2 to other "local classes". We observe that results similar to Lemma 2.2, Proposition 2.6 and Theorem 2.8 hold. However, since the proof of the torsion-freeness of the pseudo-free locally nilpotent groups heavily uses typical properties of nilpotent groups (see Proposition 2.5), there will be no corresponding statement in this more general context.
Throughout let {V n | n < ω} be an ascending chain of group varieties. Moreover, let E n be a set of identities generating the variety V n (n < ω) where we assume modified:2001-11-12 y i | i ∈ U ∈ V n , which exists since G ∈ LV, V = n<ω V n . Then c G = c : [I] <ℵ 0 → ω is increasing since any V n is closed under subgroups.
We show that G is an epimorphic image of the pseudo-free LV-group Fr LV (I, c). As in the proof of Proposition 2.6 we first define an epimorphism π : F = F I → G by
x i π = y i . Now, a typical generator of K = K LV (I, c) is of the form k f for f ∈ F and k = τ (k 0 , . . . , k nτ ) with τ ∈ T Uc , k 0 , . . . , k nτ ∈ F U for some finite U ⊆ I. Then kπ = τ (k 0 π, . . . , k nτ π) = 1 = (k f )π since k i π ∈ y i | i ∈ U ∈ V n . Therefore Kπ = 1 and so π induces an epimorphism π : Fr LV (I, c G ) = F/K → G which completes the proof.
Finally, the existence of epi-universal LV-groups follows by exactly the same arguments as in the proof of Theorem 2.8 using Jónsson's Theorem, Lemma 3.2 and Proposition 3.3.
Theorem 3.4 Let λ be a cardinal such that λ = λ <λ . Then there exists an epiuniversal group in the class LV λ of all LV-groups of cardinality ≤ λ.
Notice that, as mentioned in the introduction, we thus obtain the existence of, for example, epi-universal locally solvable and epi-universal torsion groups. Further examples are left to the reader.
